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a  b  s  t  r  a  c  t

Since  1954,  the  maximal  flow  problems  have  gained  much  attention  in  the  world.  They  are also  extended
to many  other  fields  for  applications.  For  example,  the  definition  of  a network  reliability  is just  to  evaluate
the probability  of  a  live  connection  between  the source  node  and  the  sink  node  such that  the  maximal  flow
of the  network  is  no less  than the  demand  d. The  popular  methods  in  the  literature  to  evaluate  the  network
reliability  are  mostly  through  minimal  paths  (MP)  or minimal  cuts  (MC)  of  the  network.  One  of  them  is
the  three-stages  method:  (a)  searching  for  all MPs/MCs;  (b)  searching  for all d-MPs  (the minimal  system
states  for  d  via MP)/d-MCs  (the  maximal  system  states  for d via  MC);  (c)  calculating  union  probability  from
-MPs
inimal path

ast enumeration
aximal flow

these  d-MPs/d-MCs.  We  found  that  a creative  innovation  in solving  the  maximal  flow  problems  may  have
benefits  in  the  evaluation  of network  reliability.  Based  on this  idea,  this  paper  proposes  a  new approach
to  tackle  the  problem  of  searching  for all d-MPs  by given  MPs.  The  comparisons  with  the  well known
algorithm  are  made  for  benchmarking.  More  complicated  examples  are  also  examined  for illustrative
purposes.

©  2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

Since 1954, the maximal flow problems have gained much
ttention in the world [24]. They are also extended to many other
elds for applications [14]. For example, the definition of a network
eliability is just to evaluate the probability of a live connection
etween the source node and the sink node such that the maximal
ow of the network is no less than the demand d [18]. Aggarwal
t al. firstly discussed the reliability problem without flow in a
inary-state network [3]. Lee [18] extended it to cover the flow
ases. Aggarwal et al. [2] presented the minimal path (MP) method
o solve the network reliability in a binary-state flow network. Xue
26] began to discuss the reliability analysis in a multistate network
MSN), which is also referred to the stochastic-flow network (SFN).
 SFN is a network whose flow has stochastic states. Lin et al. [19]
llustrated the reliability calculation of a SFN in terms of MPs  or

inimal cuts (MC)s [16]. They also setup the three-stages in these

∗ Corresponding author at: Department of Industrial Management, Tungnan Uni-
ersity, New Taipei City 222, Taiwan.

E-mail addresses: yklin@mail.ntust.edu.tw (Y.-K. Lin),
obchen@mail.tnu.edu.tw (S.-G. Chen).

ttp://dx.doi.org/10.1016/j.jocs.2017.09.009
877-7503/© 2017 Elsevier B.V. All rights reserved.
calculations: (a) searching for all MPs  [12,25,10]/MCs [1,17,30,8];
(b) searching for all d-MPs [21,27]/d-MCs [28] from these MPs/MCs;
(c) calculating union probability from these d-MPs [31,7,6]/d-MCs
[12,20]. Lin [21] greatly simplified the three-stages algorithm and
developed more simple and efficient algorithm for the reliability
evaluation of a general SFN.

There have been many innovative or for special cases algorithms
developed for d-MP  search since then [27,29,22,23]. Chen and Lin
[11] started to improve the efficiency of the three-stages algorithm
with the technology of fast enumeration [5]. By inspecting the def-
inition of network reliability, there are some potential benefits in
tackling d-MP  searching problems if we can find an innovative
way to improve the efficiency of solving maximal flow problems
in a SFN. Forghani-elahabad and Mahdavi-Amiri [15] presented a
textbook approach [4] of maximal flow algorithm, and shown the
benefits in solving the d-MPs searching problems by following the
steps of Lin’s algorithm [21].

This paper proposes a novel algorithm to solve the maximal flow
problems, and combines with fast enumeration approach to tackle

the d-MPs searching problems. This paper also makes comparisons
with the well known algorithms for benchmarking. More compli-
cated examples are also examined for illustrative purposes. The
remainder of the work is described as follows. The mathematic pre-

dx.doi.org/10.1016/j.jocs.2017.09.009
http://www.sciencedirect.com/science/journal/18777503
http://www.elsevier.com/locate/jocs
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iminaries for the approach are presented in Section 2. The proposed
lgorithm is given in Section 3. Some benchmarks are examined and
ompared in Section 4. Finally, Section 5 draws the conclusion of
his paper.

. Preliminaries

Let G = (E, V) be a SFN, where E = {ei|1 ≤ i ≤ n} is the set of edges,
 is the set of nodes. Let T = (t1, t2, . . .,  tn) be a vector with ti (an

nteger) being the maximal capacity of ei. The network G is assumed
o satisfy the following assumptions.

. Flow in the network satisfies the flow-conservation law [14].

. The nodes are perfect.

. The capacity of ei is an integer-valued random variable which
takes values from the set {0, 1, 2, . . .,  ti} according to a given
distribution �i.

. The states in edges are statistically independent from each other.

.1. Modeling of networks

Assume that p1, p2, . . .,  pz are totally the MPs  from the source to
he sink. Thus, the network model is modeled by two vectors: the
tate vector X = (x1, x2, . . .,  xn) and the flow vector Y = (y1, y2, . . .,  yz),
here xi denotes the current state of ei and yj denotes the current
ow on pj. Then, Y is feasible if and only if

z

j=1

{yj|ei ∈ pj} ≤ ti, for i = 1, 2, . . .,  n. (1)

This constraint describes that the total flow through ei cannot
xceed the maximal capacity of ei. Then, the set of Y as �T ≡ {Y|Y is
easible under T}, and �Y as the set of formulas in Eq. (1).

Similarly, Y is feasible under X = (x1, x2, . . .,  xn) if and only if

z

j=1

{yj|ei ∈ pj} ≤ xi, for i = 1, 2, . . .,  n. (2)

For clarity, let �X = {Y|Y is feasible under X}. The maximal flow
nder X is defined as �X ≡ max{

∑z
j=1yj|Y ∈ �X}.

Then, the flow vector Y ∈ �T could be found such that the total
ow of Y equals d. It is defined in the following constraint,

z

j=1

yj = d. (3)

Let Y = {Y|Y ∈ �T and satisfies Eq. (3)}. We  have the following
emmas [21].

emma  2.1. If X is a d-MP for d, then there is an Y ∈ Y such that

i =
z∑
j=1

{yj|ei ∈ pj}, for each i = 1, 2, . . .,  n. (4)

Given Y ∈ Y, a state vector XY = (x1, x2, . . .,  xn) via Eq. (4). The set
 = {XY|Y ∈ Y} is built. Let �min = {X|X is a lower boundary vector

n �}. Then,

emma  2.2. �min is the set of d-MPs for d.

.2. Evaluation of reliability
Given a demand d, the reliability denoted by ωd is the probability
t the sink node that the maximal flow of the network is no less
han d, i.e., ωd ≡ Pr{X|�X ≥ d}. To calculate ωd, it is advantageously
o find the lower boundary vectors in the set {X|�X ≥ d}. A lower
tional Science 22 (2017) 119–125

boundary vector X is said to be a d-MP  for d if and only if (i) �X ≥ d
and (ii) �W < d for any other vector W such that W < X, in which
W ≤ X if and only if wj ≤ xj for each j = 1, 2, . . .,  n and W < X if and
only if W ≤ X and wj < xj for at least one j. Suppose there are totally
q d-MPs for d: X1, X2, . . .,  Xq. The reliability is equal to

ωd = Pr

{
q⋃
k=1

{X|X ≥ Xk}
}
, (5)

which can be calculated by reduced recursive inclusion-exclusion
principle (RRIEP) [6].

3. Searching for d-MPs

Let Li = (l1, l2, . . .,  ln) be a unit vector with li = 1 and lj = 0 for all
j /= i. We  proof the following lemmas.

Lemma  3.1. If X is a d-MP, then �X−Li < d for all i with xi > 0.

Proof. Let W be a d-MP  and W = X − Lk for some k. Since �W =
�X−Lk = d implies that X < W,  this conflicts that W is a d-MP. �

3.1. Evaluation of maximal flow

The maximal flow problem is a classical optimization problem
since 1954 [24]. The famous Ford–Fulkerson method [14] was  a
popular method to evaluate the maximal flow of a network. The
complexity of Ford–Fulkerson method is O(n�

(
d − 1z+d

)
) where �

is the maximal value of flows. However, their method cannot con-
verge when the flow is not integer. Edmonds–Karp algorithm [13]
specialized Ford–Fulkerson method to maximal integer-flow prob-
lems, and gets a similar complexity. We  developed a more efficient
algorithm than the above ones and can evaluate either integer or
real flows. Let R = (r1, r2, . . .,  rn) be the vector of the assigned capac-
ities for edges in G, and ıj = min{xi − ri|ei ∈ pj} be the maximal flow
in pj under X. We  have the following lemmas.

Lemma  3.2. Let ı(j) be the descending ordered series such that

ı(1) ≥ ı(2) ≥ · · · ≥ ı(ˇ). (6)

Then, the flows assigned to R under such sequence are maximal in total.

Proof. Suppose k < z and only ı(1) to ı(k) are assigned to R. If
we have another assignment: ı(1), ı(2), . . .,  ı(k−1), ı(k+1), which are
assigned to R′, then R′ < R because ı(k+1) < ı(k) by definition. �

3.2. Fast enumeration of flows

We  recalled that Y can be enumerated by fitting the formulas
in �Y and Eq. (3). Then, XY can be built by Y ∈ Y via Eq. (4). Next,
� = {XY|Y ∈ Y} is constructed for all XY. Finally, �min = {X|X is a lower
boundary vector in �}  is built. Then, �min is the set of d-MPs for d.
Let 	�Y be the fast enumeration form (FE-form) of formulas in �Y

[11]. We  can get the fast enumeration of flows in these formulas.

3.3. Algorithm

Let J = {j|Xj /∈ �min} and sj = min{ti|ei ∈ pj}. The new algorithm via
maximal flow evaluation to search for d-MPs by given MPs  is as
follows.

Algorithm. Searching for d-MPs for d by given MPs.
Step 1. Find the feasible flow vector Y = (y1, y2, . . .,  yz) satisfying

both capacity and demand constraints.
(a) fast enumerate 0 ≤ yj ≤ sj with 	�Y do
(b) if yj satisfies

∑z
j=1yj = d,
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Table 1
The capacity distributions for the six edges of Fig. 1.

Arcs The capacity distributions �i

0 1 2 3 4 5 6

e1 0.000 0.000 0.001 0.011 0.083 0.337 0.568
e2 0.000 0.000 0.000 0.004 0.042 0.264 0.690
e3 0.000 0.000 0.003 0.039 0.262 0.696 0
e4 0.000 0.000 0.000 0.006 0.055 0.292 0.647
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Fig. 1. The white-stone bridge network [12].

then Y = Y ∪ {Y}.
end enumerate.

Step 2. Directly generate the set �min from Y.

(a) for Y in Y do
(b) xi =

∑z
j=1{yj|ei ∈ pj} for i = 1, 2, . . .,  n.

(c) for 1 ≤ i ≤ n and xi > 0 do
(d) R = 0 // Initialize R to zero vector.
(e) xi = xi − 1.
(f) ıj = min{xk − rk|ek ∈ pj} for j = 1, 2, . . .,  z.
(g) CallMergeSort on {ıj|1 ≤ j ≤ z} and get the sorted set

{ı(j)|1 ≤ j ≤ z}
(h) for 1 ≤ j ≤ z do
(i) ı(j) = min{xk − rk|ek ∈ p(j)}
(j) rk = rk + ı(j), for ek ∈ p(j).

endfor.
(k) if

∑z
k=1ık ≥ d, then go to Step 2a.

endfor.
(l) �min = �min ∪ {X}.

endfor.
m)  Return �min.

The steps from 2c to 2k are the new steps for maximal-flow
valuation to calculate the maximal flow of the network under the
urrent states, where the merge sort in Step 2g can be referred to
9]. It takes a complexity of O(z log(z)).

Step 1 requires O(
∏u
k=1qk) to generate all feasible Y, since FE-

orm is by re-arranging the original � F into u groups of alternative
rders, and qk is the total number of enumerations in the kth
roup [11]. Step 2 including the maximal flow calculation requires
(nz log(z)

(
d − 1z+d

)
).

. Benchmarking and examples

At first, we give a step-by-step illustration of the proposed
lgorithm with the example of Fig. 1, which presents a simple
hite-stone network [12]. 4 MPs  are found: p1 = {a1, a3}, p2 = {a2,

4}, p3 = {a1, a5, a4}, and p4 = {a2, a6, a3}. The corresponding flows
re Y = {y1, y2, y3, y4}, respectively. Table 1 is the capacity distribu-

ions for the six edges. The required demand is 5.

From Table 1, we have T = (6, 6, 5, 6, 5, 6), and s1 = 5, s2 = 6, s3 = 5,
4 = 6. Step 1 gives the FE-form of the flow enumerations along with
he demand constraint.
e5 0.000 0.001 0.017 0.111 0.372 0.498 0
e6 0.000 0.000 0.001 0.011 0.083 0.337 0.568

Step 1. Find the feasible flow vector Y = (y1, y2, . . .,  y4) satisfying
both capacity and demand constraints.

a) for 0 ≤ y3 ≤ 5 do // The FE-form 	�Y .
b) if y3 ≤ 5, then
c) for 0 ≤ y4 ≤ 6 do
d) if y4 ≤ 6, then
e) for 0 ≤ y1 ≤ 5 do
f) if y3 + y1 ≤ 6 and y4 + y1 ≤ 5, then
g) for 0 ≤ y2 ≤ 6 do
h) if y3 + y2 ≤ 6 and y4 + y2 ≤ 6 and y1 + y2 + y3 + y4 = 5, then
(i) Y = Y ∪ {Y}.

endif
endfor
endif
endfor
endif
endfor
endif
endfor

Then, the step-by-step exploration is as follows:
Step 1. Find the feasible flow vector Y = (y1, y2, . . .,  y4) satisfying

both capacity and demand constraints.

a) y3 = 0
b) y3 ≤ 5 is true, then
c) y4 = 0
d) y4 ≤ 6 is true, then
e) y1 = 0
f) y3 + y1 ≤ 6 and y4 + y1 ≤ 5 are true, then
g) y2 = 0
h) y3 + y2 ≤ 6 and y4 + y2 ≤ 6 and y1 + y2 + y3 + y4 = 5 are false, go back

to Step (g).
(i) y2 = 1

1 · · ·
At the end of the step: Y = {(0, 5, 0, 0), (1, 4, 0, 0), (2, 3, 0, 0), (3, 2, 0,
0), (4, 1, 0, 0), (5, 0, 0, 0), (0, 4, 0, 1), (1, 3, 0, 1), (2, 2, 0, 1), (3, 1, 0,
1), (4, 0, 0, 1), (0, 3, 0, 2), (1, 2, 0, 2), (2, 1, 0, 2), (3, 0, 0, 2), (0, 2, 0,
3), (1, 1, 0, 3), (2, 0, 0, 3), (0, 1, 0, 4), (1, 0, 0, 4), (0, 0, 0, 5), (0, 4, 1,
0), (1, 3, 1, 0), (2, 2, 1, 0), (3, 1, 1, 0), (4, 0, 1, 0), (0, 3, 1, 1), (1, 2, 1,
1), (2, 1, 1, 1), (3, 0, 1, 1), (0, 2, 1, 2), (1, 1, 1, 2), (2, 0, 1, 2), (0, 1, 1,
3), (1, 0, 1, 3), (0, 0, 1, 4), (0, 3, 2, 0), (1, 2, 2, 0), (2, 1, 2, 0), (3, 0, 2,
0), (0, 2, 2, 1), (1, 1, 2, 1), (2, 0, 2, 1), (0, 1, 2, 2), (1, 0, 2, 2), (0, 0, 2,
3), (0, 2, 3, 0), (1, 1, 3, 0), (2, 0, 3, 0), (0, 1, 3, 1), (1, 0, 3, 1), (0, 0, 3,
2), (0, 1, 4, 0), (1, 0, 4, 0), (0, 0, 4, 1), (0, 0, 5, 0)}.

Step 2. Directly generate the set �min from Y.
(a) Y = (0, 5, 0, 0)
(b) X = (0, 5, 0, 5, 0, 0)

(c) i = 2 and x2 > 0
(d) R = (0, 0, 0, 0, 0, 0, 0)
(e) x2 = 5 −1 = 4
(f) ı1 = 0, ı2 = 4, ı3 = 0, ı4 = 0
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Fig. 2. Three rectangular networks.

mplic
Fig. 3. More co

(g) CallMergeSort on {ıj|1 ≤ j ≤ z} and get the sorted set

ı(1) = 4, ı(2) = 0, ı(3) = 0, ı(4) = 0
(h) j = 1
(i) ı(1) = 4
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
ated networks.

(h) j = 2

(i) ı(2) = 0
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(h) j = 3
(i) ı(3) = 0
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 TANE
Fig. 4. A part of

(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(h) j = 4
(i) ı(4) = 0
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(k)

∑z
k=1ık = 4 ≥ 5 is false.

(c) i = 4 and x4 > 0
(d) R = (0, 0, 0, 0, 0, 0, 0)
(e) x4 = 5 −1 = 4
(f) ı1 = 0, ı2 = 4, ı3 = 0, ı4 = 0

(g) CallMergeSort on {ıj|1 ≤ j ≤ z} and get the sorted set
ı(1) = 4, ı(2) = 0, ı(3) = 0, ı(4) = 0
(h) j = 1
T network [10].

(i) ı(1) = 4
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(h) j = 2
(i) ı(2) = 0
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(h) j = 3
(i) ı(3) = 0
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(h) j = 4

(i) ı(4) = 0
(j) r1 = 0, r2 = 4, r3 = 0, r4 = 4, r5 = 0, r6 = 0
(k)

∑z
k=1ık = 4 ≥ 5 is false.
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Fig. 5. The plots of CPU times vs. # of 5-MPs.

Table 2
Benchmarking between the well-known algorithms and the proposed algorithm.

Figures # of MPs  # of 5-MPs CPU time (s)

(Nodes × edges) F &M C &L The proposed

(6 × 7) 4 36 0.032 0.031 0.0031
(9  × 12) 12 859 655.527 123.759 4.243
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Table 3
More complicated networks explored by the proposed algorithm.

(Nodes × arcs) # of MPs  # of 5-MPs CPU time (s)

(16 × 20) 20 3948 307.328
(20  × 25) 32 69,674 11,938.279
(12  × 16) 16 2782 NA 3214.648 45.006

a Not completed within one day.

(l) �min = �min ∪ {X = (0, 5, 0, 5, 0, 0)}.

. · · ·

t the end of the step: �min = {X1 = (0, 5, 0, 5, 0, 0), X2 = (1, 4, 1, 4,
, 0), X3 = (2, 3, 2, 3, 0, 0), X4 = (3, 2, 3, 2, 0, 0), X5 = (4, 1, 4, 1, 0, 0),
6 = (5, 0, 5, 0, 0, 0), X7 = (0, 5, 1, 4, 0, 1), X8 = (1, 4, 2, 3, 0, 1), X9 = (2,
, 3, 2, 0, 1), X10 = (3, 2, 4, 1, 0, 1), X11 = (4, 1, 5, 0, 0, 1), X12 = (0, 5, 2,
, 0, 2), X13 = (1, 4, 3, 2, 0, 2), X14 = (2, 3, 4, 1, 0, 2), X15 = (3, 2, 5, 0, 0,
), X16 = (0, 5, 3, 2, 0, 3), X17 = (1, 4, 4, 1, 0, 3), X18 = (2, 3, 5, 0, 0, 3),
19 = (0, 5, 4, 1, 0, 4), X20 = (1, 4, 5, 0, 0, 4), X21 = (0, 5, 5, 0, 0, 5), X22 = (1,
, 0, 5, 1, 0), X23 = (2, 3, 1, 4, 1, 0), X24 = (3, 2, 2, 3, 1, 0), X25 = (4, 1, 3,
, 1, 0), X26 = (5, 0, 4, 1, 1, 0), X27 = (2, 3, 0, 5, 2, 0), X28 = (3, 2, 1, 4,
, 0), X29 = (4, 1, 2, 3, 2, 0), X30 = (5, 0, 3, 2, 2, 0), X31 = (3, 2, 0, 5, 3,
), X32 = (4, 1, 1, 4, 3, 0), X33 = (5, 0, 2, 3, 3, 0), X34 = (4, 1, 0, 5, 4, 0),
35 = (5, 0, 1, 4, 4, 0), X36 = (5, 0, 0, 5, 5, 0)}.

The example is running on a PC with CPU of Intel Core i7 4790
 3.60 GHz, 3.60 GHz and 16 GB RAM. Step 1 takes 0.00001 s CPU

ime to get Y. Step 2 takes 0.000001 s CPU time to get 5-MPs. There
re totally 36 of 5-MPs found. The final network reliability for this
xample is ω5 = 0.9999975.

.1. Benchmarking

We  use three rectangular networks of different sizes to do the
enchmarking comparisons with F & M’s  algorithm [15], C & L’s
lgorithm [11], and the proposed algorithm. The demand is 5 for
ll these cases. The capacities for all these edges are set to 5. Fig. 2
resents these networks.

All the algorithms were coded by PROLOG running on the same
C denoted above. Table 2 gives the comparisons between them.
here are 4 MPs  found in Fig. 2(a), 12 MPs  found in Fig. 2(b), and
6 MPs  found in Fig. 2(c). They can be derived 36 of 5-MPs for
ig. 2(a), 859 of 5-MPs for Fig. 2(b), and 2782 of 5-MPs for Fig. 2(c),

espectively. The CPU times for the corresponding algorithms are
lso listed in the table. It shows that the proposed algorithm has
etter performance than the other two.
(27  × 31) 19 13,679 1153.266
(TANET)

4.2. More examples

More complicated networks are explored in Fig. 3. Fig. 3(a) is
a network of size (16 × 20) (Nodes × arcs), and (b) is a network of
size (20 × 25). Table 3 is the results derived by the proposed algo-
rithm. They have 20 and 32 MPs  found respectively, and can be
derived 3948 and 69,674 of 5-MPs respectively. They spend CPU
times 307.328 and 11,938.279 s respectively. Fig. 4 shows a part
of TANET (Taiwan Academic Network) network connected with
Universities and Colleges around the island [10]. TANET is a net-
work in Taiwan for academic purposes. They have a demand of 5
(in 103 GB), and all the capacities of edges are assumed 5 (in 103 GB)
for illustrative purposes. There are 19 MPs  found in TANET and is
derived 13,679 of 5-MPs, and spend CPU time 1153.266 seconds to
derive them. Fig. 5 shows the trend of CPU times for all these cases
compared with the well-known algorithms.

5. Conclusion

This paper proposes a simple algorithm to search for d-MPs with
given MPs  in terms of fast enumeration (FE) and maximal flow
evaluation. Network theories have been widely applied to solve
many real-life applications. One of the popular methods for net-
work reliability evaluation is the three-stages method. This paper
presents a novel maximal flow searching method along with FE to
improve the efficiency of reliability evaluation. Several benchmark-
ing comparisons are conducted to explore the benefits between the
well-known algorithms and the proposed one. The results show
that the proposed algorithm can significantly improve the effi-
ciency in searching for d-MPs in SFN.

Future researches are encouraged to inspect multi-
commodities, multi-terminal or multistate networks to solve
more real-life problems.
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